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On a real hypersurface in a Kähler manifold we can consider a natural closed 2-form
associated with the almost contact metric structure induced by Kähler structure. Contrary
to real hypersurfaces of type (A), on real hypersurfaces of type (B) in a complex hyperbolic
space we show that non-geodesic trajectories under Sasakian magnetic ﬁelds, which are
constant multiples of the natural closed 2-form, are not curves of order 2.
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1. Introduction
Let M be a real hypersurface in a Kähler manifold (M˜, J , 〈 , 〉). We have an induced almost contact metric structure
(φ, ξ,η, 〈 , 〉) on M . It is a quadruplet of a (1,1)-tensor, a unit vector ﬁeld, a function on the tangent bundle TM and the
induced metric which are deﬁned by ξ = − JN , η(u) = 〈u, ξ〉, φ(u) = Ju − η(u)N with a unit normal vector ﬁeld N of
M in M˜ . The vector ﬁeld ξ and the (1,1)-tensor φ are called the characteristic vector ﬁeld and the characteristic tensor,
respectively. Associated with this structure we have a canonical closed 2-form Fφ given by Fφ(u, v) = 〈u, φ(v)〉. We call its
constant multiple Fκ = κFφ a Sasakian magnetic ﬁeld on M .
Generally, a closed 2-form on a Riemannian manifold is said to be a magnetic ﬁeld because it can be regarded as a
generalization of static magnetic ﬁelds on a Euclidean 3-space (see [5,11]). We consider trajectories, which are motions of
electric charged particles of unit speed, along magnetic ﬁelds. A trajectory γ for a Sasakian magnetic ﬁeld Fκ is then a
smooth curve parameterized by its arclength which satisﬁes ∇γ˙ γ˙ = κφγ˙ . For the trivial magnetic ﬁeld 0 = F0, as electric
charged particles do not get the action of Lorentz force, trajectories are geodesics. Thus we can regard trajectories as gen-
eralizations of geodesics. Since trajectories for Sasakian magnetic ﬁelds are closely related with the almost contact metric
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interested in feature of trajectories for Sasakian magnetic ﬁelds to make clear properties of real hypersurfaces.
If we take a Kähler manifold, we have a natural closed 2-form. Trajectories for a Kähler magnetic ﬁeld, which is a
constant multiple κB J of the Kähler form B J , are smooth curves which are parameterized by their arclengths and satisfy
the equation ∇γ˙ γ˙ = κ J γ˙ with complex structure J . Since the complex structure is parallel, we see trajectories for Kähler
magnetic ﬁelds are circles (cf. [1]).
As Sasakian magnetic ﬁelds quite resemble Kähler magnetic ﬁelds in their deﬁnitions, we are interested in curve-theoretic
properties of trajectories. In [3], we studied trajectories on homogeneous real hypersurfaces of type (A), which are geodesic
spheres, horospheres and tubes around totally geodesic CM (1    n − 1), in a non-ﬂat complex space form CMn . On
these hypersurfaces a Sasakian magnetic ﬁeld of strength greater than the minimum of the absolute values of their principal
curvatures has a trajectory which is a circle of positive geodesic curvature. Considering all Sasakian magnetic ﬁelds, we can
characterize these real hypersurfaces by the amount of such circular trajectories.
In a non-ﬂat complex space form CMn we have another class of typical examples of homogeneous real hypersurfaces.
They are tubes around totally geodesic real projective or hyperbolic space RMn , and are called of type (B). Being inspired
by the above results on real hypersurfaces of type (A), we are interested in the existence of trajectories which are curves of
order 2. Roughly speaking, curves of order 2 are circles with variable geodesic curvature functions. Making progress of the
consideration in [4] on structure torsions of trajectories on real hypersurfaces of type (B) in a complex hyperbolic space, we
shall show the following in this paper.
Theorem 1. Let M be a tube of radius r around totally geodesicRHn in a complex hyperbolic space CHn. Then the only trajectories for
Sasakian magnetic ﬁelds on M which are curves of order 2 are geodesics.
As we do not need any assumption for strength of Sasakian magnetic ﬁelds, this improves the result from [4].
2. Real hypersurfaces of type (B)
A real hypersurface M in a complex hyperbolic space CHn(c) of constant holomorphic sectional curvature c is said to
be a Hopf hypersurface if its characteristic vector ﬁeld ξ is principal. That is, ξ is an eigenvector of the shape operator A
of M at each point. A Hopf hypersurface all of whose principal curvatures are constant is locally congruent to one of the
following types (see [2,8]):
(A) a horosphere HS or a tube T(r) of radius r around totally geodesic CH(c) (0  n − 1),
(B) a tube R(r) of radius r around totally geodesic RHn(c/4).
These hypersurfaces are called of type (A) and of type (B), respectively. If we consider a Hopf ﬁbration  : H2n+11 →
CHn(−4) of an anti-de Sitter space
H2n+11 =
{
z = (z0, . . . , zn) ∈Cn+1
∣∣−|z0|2 + |z1|2 + · · · + |zn|2 = −1},
the inverse image −1(R(r)) of a tube R(r) of radius r around RHn(−1) is congruent to
M̂ = {z ∈Cn+1 ∣∣−|z0|2 + |z1|2 + · · · + |zn|2 = −1, |−z20 + z21 + · · · + z2n| = cosh2r}
(see [9], for example). It is well known that a real hypersurface R(r) of type (B) in CHn(c) has three principal curvatures
λ = (√|c|/2) coth(√|c|r/2), μ = (√|c|/2) tanh(√|c|r/2) and ν = √|c| coth√|c|r. Here, ν is the principal curvature of ξ , and
T 0M = {v ∈ TM | v ⊥ ξ} splits as T 0M = Vλ ⊕ Vμ into subbundles of principal curvature vectors associated with λ and μ.
These subbundles satisfy φ(Vλ) = Vμ , φ(Vμ) = Vλ under the action of the characteristic tensor φ.
3. Trajectories of order 2
We are interested in whether there exist trajectories on a real hypersurface M of type (B) which are simple from the
viewpoint of Frenet Serre formula. We say a smooth curve γ parameterized by its arclength to be a curve of order 2 if it
satisﬁes the equation
‖∇γ˙ γ˙ ‖2
{∇γ˙ ∇γ˙ γ˙ + ‖∇γ˙ γ˙ ‖2γ˙ }= 〈∇γ˙ γ˙ ,∇γ˙ ∇γ˙ γ˙ 〉∇γ˙ γ˙ . (3.1)
Under the assumption that ∇γ˙ γ˙ does not vanish at each point, by putting k(t) = ‖∇γ˙ γ˙ (t)‖ and Y = ∇γ˙ γ˙ /‖∇γ˙ γ˙ ‖, we ﬁnd
the above equation (3.1) is equivalent to the system of equations
∇γ˙ γ˙ (t) = k(t)Y (t) and ∇γ˙ Y (t) = −k(t)γ˙ (t).
When k(t) is a positive constant function, we call γ a circle of positive geodesic curvature (see [10] for more details on
circles). When γ is a geodesic of unit speed, we see that it also satisﬁes (3.1) hence is a curve of order 2.
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satisfying ∇γ˙ γ˙ = κφγ˙ , and the characteristic tensor φ satisﬁes φ(ξ) = 0 and φ(T 0M) = T 0M , the function ργ = 〈γ˙ , ξ〉
should show some properties of γ . For example, as we have (∇Zφ)W = 〈W , ξ〉AZ − 〈AZ ,W 〉ξ for arbitrary vector ﬁelds
Z ,W with the shape operator A of M in CHn(c), we ﬁnd that ‖∇γ˙ γ˙ ‖ = |κ |
√
1− ρ2γ and ∇γ˙ (φγ˙ ) = ργ Aγ˙ − 〈Aγ˙ , γ˙ 〉ξ −
κ(γ˙ − ργ ξ). We call this function ργ the structure torsion of γ .
We here study the differential of the structure torsion of a trajectory γ . Since we have ∇Z ξ = φAZ for an arbitrary
vector ﬁeld Z , we see
ρ ′γ = 〈κφγ˙ , ξ〉 + 〈γ˙ , φAγ˙ 〉 = 〈γ˙ , φAγ˙ 〉.
For a real hypersurface of type (A), its shape operator and its characteristic tensor are simultaneously diagonalizable (i.e.
Aφ = φA). If we transform the above by use of the properties that A is symmetric and that φ is skew symmetric, we have
ρ ′γ = 〈γ˙ , φAγ˙ 〉 = −〈φγ˙ , Aγ˙ 〉 = −〈Aφγ˙ , γ˙ 〉 = −〈φAγ˙ , γ˙ 〉.
This shows that ρ ′γ = 0. Thus, the structure torsion of each trajectory on a real hypersurface of type (A) is constant. On
the other hand, on a real hypersurface of type (B), if we decompose the velocity vector into principal curvature vectors as
γ˙ = Xγ + Yγ + ργ ξ (Xγ ∈ Vλ , Yγ ∈ Vμ), we ﬁnd
ρ ′γ = 〈γ˙ , φAγ˙ 〉 = (λ − μ)〈φXγ , Yγ 〉. (3.2)
Thus, trajectories on real hypersurfaces of type (B) have non-constant structure torsions in general (cf. [3]).
We ﬁrst consider geodesic trajectories for Sasakian magnetic ﬁelds.
Lemma 1. Let γ be a trajectory for a non-trivial Sasakian magnetic ﬁeld Fκ on a real hypersurface M of type (B) (or more generally,
on a Hopf hypersurface). Then it is a geodesic if and only if ργ (t0) = ±1 at some point t0 .
Proof. If γ is a geodesic, we have 0 = ∇γ˙ γ˙ = κφγ˙ . As κ = 0, we ﬁnd that γ˙ is parallel to ξ , hence ργ ≡ ±1.
If ργ (t0) = ±1, we take an integral curve σ of ξ satisfying σ(0) = γ (t0). Since σ˙ (t) = ξσ(t) , we ﬁnd it is parameterized
by its arclength and satisﬁes ∇σ˙ σ˙ = ∇σ˙ ξσ = φAσ˙ = νφξσ = 0. Thus σ is a geodesic and satisﬁes the equation ∇σ˙ σ˙ =
κφσ˙ (= 0) and initial condition σ˙ (0) = ξγ (t0) . When ργ (t0) = 1, the curve γ satisﬁes the same ordinary linear differential
equation and the same initial condition. Thus the uniqueness theorem on solutions of ordinary linear differential equations
guarantees that γ (t) = σ(t − t0). When ργ (t0) = −1, we consider the curve σ1(t) = σ(−t). Then it satisﬁes ∇σ˙1 σ˙1 = κφσ˙1
and σ˙1(0) = −ξγ (t0) . Thus we similarly ﬁnd γ (t) = σ1(t − t0). This completes the proof. 
We next consider trajectories which are curves of order 2. Since we have
∇γ˙ ∇γ˙ γ˙ = κ∇γ˙ (φγ˙ ) = κ
{
ργ Aγ˙ − 〈Aγ˙ , γ˙ 〉ξ + κφ2γ˙
}
,
substituting this and ∇γ˙ γ˙ = κφγ˙ into (3.1), we get the following:
Lemma 2. (See [4].) Let γ be a trajectory for a non-trivial Sasakian magnetic ﬁeld Fκ on a real hypersurface M of type (B) in CHn. If
γ is a curve of order 2 and |ργ | < 1, under the decomposition γ˙ = Xγ + Yγ + ργ ξ ∈ Vλ ⊕ Vμ ⊕Rξ , we have⎧⎪⎪⎨
⎪⎪⎩
(
1− ρ2γ
)
(κργ − λ)Xγ = (λ − μ)〈φXγ , Yγ 〉φYγ ,(
1− ρ2γ
)
(κργ − μ)Yγ = (λ − μ)〈φXγ , Yγ 〉φXγ ,
κργ
(
1− ρ2γ
)= λ‖Xγ ‖2 + μ‖Yγ ‖2,
and
‖Xγ ‖2 =
(1− ρ2γ )(κργ − μ)
λ − μ , ‖Yγ ‖
2 = (1− ρ
2
γ )(λ − κργ )
λ − μ .
In particular, ργ satisﬁes μ κργ  λ, and κ satisﬁes |κ | > μ.
By these relations in Lemma 2 and (3.2) we obtain(
ρ ′γ
)2 = (λ − μ)2‖Xγ ‖2‖Yγ ‖2 = (1− ρ2γ )2(λ − κργ )(κργ − μ).
Solving this differential equation we can get it explicitly in [4]. In particular, we have
Lemma 3. (See [4].) If there exists a non-geodesic trajectory γ for a non-trivial Sasakian magnetic ﬁeld Fκ on M which is a curve of
order 2, then its structure torsion ργ takes the values either μ/κ or λ/κ .
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It is enough to consider the case that holomorphic sectional curvature of CHn is −4 and the inverse image of M through
a Hopf ﬁbration  : H2n+11 →CHn(−4) coincides with M̂ in Section 2. For x = (x0, . . . , xn), y = (y0, . . . , yn) ∈Rn+1, we put
〈〈x, y〉〉 = −x0 y0 + x1 y1 + · · · + xn yn.
If we denote z = (z0, . . . , zn) ∈Cn+1 as
z = x+ √−1y = (x0 +
√−1y0, . . . , xn +
√−1yn)
with x, y ∈Rn+1, we see M̂ is expressed as
M̂ = {e√−1θ z ∈Cn+1 ∣∣ 0 θ < 2π, 〈〈x, y〉〉 = 0, 〈〈x, x〉〉 = − cosh2 r, 〈〈y, y〉〉 = sinh2 r}.
At a point z = x+ √−1y ∈ M̂ , the horizontal part Hz of the tangent space TzM̂ at z is represented as
Hz =
{
(z,w) ∈ {z} ×Cn+1 ∣∣ 〈〈x,u〉〉 = 0, 〈〈y, v〉〉 = 0, 〈〈x, v〉〉 + 〈〈y,u〉〉 = 0},
where we denote w by w = u + √−1v with u, v ∈ Rn+1. The horizontal lift N̂z of the unit normal vector Nz of M in
CHn(−4), which is a unit normal vector of M̂ in H2n+11 , is represented as
N̂z = (z,− tanh rx−
√−1coth ry) ∈ {z} ×Cn+1.
We set ξˆz = − JN̂z , which is the horizontal lift of ξ(z) . The horizontal lift of T 0(z)M at this point z is hence represented
as
Hz ∩ 〈ξˆz〉⊥ =
{
(z,w) ∈ {z} ×Cn+1 ∣∣ 〈〈x,u〉〉 = 0, 〈〈y, v〉〉 = 0, 〈〈x, v〉〉 = 0, 〈〈y,u〉〉 = 0},
and the horizontal lifts of the subspaces Vλ,(z) , Vμ,(z) of principal curvature vectors are given as
V̂λ,z =
{
(z,w) ∈ {z} ×Cn+1 ∣∣ 〈〈x, v〉〉 = 0, 〈〈y, v〉〉 = 0, u = 0},
V̂μ,z =
{
(z,w) ∈ {z} ×Cn+1 ∣∣ 〈〈x,u〉〉 = 0, 〈〈y,u〉〉 = 0, v = 0}.
Under the above preparation we now show our main result. Suppose there exists a non-geodesic trajectory for a non-
trivial Sasakian magnetic ﬁeld Fκ which is a curve of order 2. By Lemma 3 we have a point t0 with κργ (t0) = μ or
κργ (t0) = λ. We take a horizontal lift γˆ of γ which satisfy the condition that γˆ (t0) ∈ M̂ is represented with θ = 0 in the
expression of points in M̂ .
We ﬁrst consider the case κργ (t0) = μ. By Lemma 2 the velocity vector γ˙ (t0) at t0 does not have the component of
Vλ,γ (t0) . We denote as γˆ (t0) = x∗ +
√−1y∗ ∈Cn+1 and γˆ ′(t0) = (γˆ (t0),u∗ +
√−1v∗) ∈ {γˆ (t0)} ×Cn+1. We then have
γˆ ′(t0) − ργ (t0)ξγ (t0) =
(
γˆ (t0),
(
u∗ + ργ (t0) coth ry∗
)+ √−1(v∗ − ργ (t0) tanh rx∗)). (4.1)
As we have γ˙ (t0) − ργ (t0)ξγ (t0) ∈ Vμ,γ (t0) , which shows γˆ ′(t0) − ργ (t0)ξγ (t0) ∈ V̂μ,γ (t0) , we ﬁnd
v∗ − ργ (t0) tanh rx∗ = 0, (4.2)
hence obtain
1− ρ2γ (t0) =
∥∥γˆ ′(t0) − ργ (t0)ξγ (t0)∥∥2
= 〈〈u∗,u∗〉〉 + 2ργ (t0) coth r〈〈u∗, y∗〉〉 + ρ2γ (t0) coth2 r〈〈y∗, y∗〉〉. (4.3)
On the other hand, as γˆ ′(t0) ∈Hγˆ (t0) , we have 〈〈x∗, v∗〉〉 + 〈〈y∗,u∗〉〉 = 0. We therefore have
ργ (t0) =
〈
γˆ ′(t0), ξˆγˆ (t0)
〉= −(coth r + tanh r)〈〈y∗,u∗〉〉. (4.4)
Thus, (4.3), (4.4) and 〈〈y∗, y∗〉〉 = sinh2 r lead us to the following:
〈〈u∗,u∗〉〉 = 1− ρ2γ (t0)
(
1+ cosh2 r)+ 2ρ2γ (t0) coth r
coth r + tanh r .
We hence obtain that
1 = ∥∥γˆ ′(t0)∥∥2 = 〈〈u∗,u∗〉〉 + 〈〈v∗, v∗〉〉 = 1− 4ρ2γ (t0) cosh2 r sinh2 r
cosh2 r + sinh2 r
by (4.2). This shows that ργ (t0) = 0, which is a contradiction.
T. Bao, T. Adachi / Differential Geometry and its Applications 30 (2012) 301–305 305We next consider the case κργ (t0) = λ. By Lemma 2 the velocity vector γ˙ (t0) at t0 does not have the component of
Vμ,γ (t0) . In view of (4.1), we ﬁnd
u∗ + ργ (t0) coth ry∗ = 0, (4.5)
hence obtain
1− ρ2γ (t0) =
∥∥γˆ ′(t0) − ργ (t0)ξγ (t0)∥∥2
= 〈〈v∗, v∗〉〉 − 2ργ (t0) tanh r〈〈v∗, x∗〉〉 + ρ2γ (t0) tanh2 r〈〈x∗, x∗〉〉. (4.6)
By (4.6), (4.4) and 〈〈x∗, x∗〉〉 = − cosh2 r, we have
〈〈v∗, v∗〉〉 = 1+ ρ2γ (t0)
(
sinh2 r − 1)+ 2ρ2γ (t0) tanh r
coth r + tanh r .
We therefore get
1 = ∥∥γˆ ′(t0)∥∥2 = 〈〈u∗,u∗〉〉 + 〈〈v∗, v∗〉〉 = 1+ 4ρ2γ (t0) cosh2 r sinh2 r
cosh2 r + sinh2 r
by (4.5). This shows that ργ (t0) = 0, which is also a contradiction. We can hence conclude that there do not exist non-
geodesic trajectories for Sasakian magnetic ﬁelds which are curves of order 2.
We say a smooth curve γ parameterized by its arclength to be a Frenet curve of proper order d if there is a ﬁeld {Y1 =
γ˙ , Y2, . . . , Yd} of an orthonormal frame along γ and positive functions k1, . . . ,kd−1 satisfying ∇γ˙ Y j = −k j−1Y j−1 + k jY j+1.
Here, we set k0, kd to be null functions and Y0, Yd+1 to be null vector ﬁelds.
Since trajectories for Fκ are smooth curves satisfying the equation ∇γ˙ γ˙ = κφγ˙ , we ﬁnd each trajectory on a real hy-
persurface R(r) of type (B) lies on some totally geodesic CH2 in CHn . Therefore, we may consider trajectories on a real
hypersurface of type (B) in CH2, which is real 3-dimensional. As we see that non-geodesic trajectories are not curves of
order 2, at least we can conclude that each of them has an interval where it is a Frenet curve of proper order 3. Since
we have ∇Xξ = φAX for arbitrary vector ﬁeld X on a real hypersurface, we ﬁnd that a non-geodesic trajectory γ for Fκ
satisﬁes the following on such an interval:⎧⎪⎨
⎪⎩
∇γ˙ γ˙ = k1Y2,
∇γ˙ Y2 = −k1γ˙ + k2Y3,
∇γ˙ Y3 = −k2Y2,
with
k1 = |κ |
√
1− ρ2γ , k2 =
∣∣∣∣λ‖Xγ ‖2 + μ‖Yγ ‖21− ρ2γ − κργ
∣∣∣∣,
Y2 = sgn(κ)φγ˙
/√
1− ρ2γ ,
Y3 = sgn
(
λ‖Xγ ‖2 + μ‖Yγ ‖2
κ(1− ρ2γ )
− ργ
)
(ξγ − ργ γ˙ )
/√
1− ρ2γ ,
where sgn(α) denotes the signature of a real number α. We should note that we do not make use of the information on
the differential of the shape operator of a real hypersurface of type (B) for our calculation on geodesic curvature functions
k1 and k2 (see [6] for the differential). We also note that Maeda [7] studies geodesics, which are trajectories for the trivial
magnetic ﬁeld, whose initial vectors are principal on real hypersurfaces of type (B) in a complex hyperbolic space.
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